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MACPHERSON’S CONJECTURE VIA HO¨RMANDER ESTIMATE
JUNCHAO SHENTU AND CHEN ZHAO
Abstract. In this notes we reprove MacPherson’s conjecture on L2−(n, q)-cohomology
through Demailly’s formulation of Ho¨rmander’s Estimate. This approach allows us to
weaken the condition of locally semipositivity in Ruppenthal’s L2-representation of ad-
joint bundle. Moreover we prove the MacPherson’s conjecture of twisted coefficient
bundle under an arbitrary singular hermitian metric. As applications, we study the
MacPherson type problem for pluri-canonical bundle.
1. Introduction
The L2 technique has become an important part of complex geometry since the works of
L. Ho¨rmander [10] and Andreotti-Vesentini [1]. Whereas the theory is well established on
complex manifolds, not much is known on singular complex analytic spaces. Motivated by
Cheeger-Goresky-MacPherson’s conjectural isomorphism between the L2-cohomology and
the intersection cohomology of a projective variety [2], R. MacPherson [11] conjectured
the birational invariance property of L2-arithmetic genus:
χ(2)(Xreg) :=
n∑
q=0
(−1)q dimH0,q(2) (Xreg, ds2FS) = χ(M)(1.1)
where pi :M → X is any resolution of singularities. This conjecture is proved by Pardon-
Stern using Donnelly-Fefferman’s estimate.
Theorem 1.1 (Pardon-Stern [13]). If X is a complex projective variety of pure dimension
n and Xreg is given the hermitian metric induced by the embedding of X into the projective
space, then for any resolution of singularities pi : M → X, for all q there is a natural
isomorphism
Hn,q(M) ≃ Hn,q(2),max(Xreg).
(1.1) follows from Theorem 1.1 by the L2-Serre duality (c.f. [13, Proposition 1.3])
H
n,q
(2),max(Xreg) ≃ H0,n−q(2),min(Xreg)∗.
This theorem is later generalized to compact hermitian spaces with a coefficient line
bundle by J. Ruppenthal.
Theorem 1.2 (Ruppenthal [14]). Let X be a compact hermitian complex analytic space of
pure dimension n. Let pi :M → X be a resolution of singularities and L be a holomorphic
line bundle on M which is locally semi-positive with respect to X. Then the pullback of
forms induces the natural isomorphisms
Hn,q(M,L) ≃ Hn,q(2),max(Xreg, L|Xreg) ∀q ≥ 0.
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A line bundle L on M is called locally semi-positive with respect to X if locally there
is an open subset U ⊂ X such that L admits a smooth hermitian metric on pi−1U with
semi-positive curvature. We will show that this condition can be removed on the level of
complex of sheaves and can be weaken on the level of cohomology.
The main observation of this notes is that Demailly’s formulation [6,8] of Ho¨rmander’s
estimate, which plays crucial roles in complex geometry in decades, implies MacPherson’s
conjecture and its further generalizations. The main result is
Theorem 1.3 (=Theorem 3.1). Let X be a complex analytic space of pure dimension
n and ds2 be a hermitian metric on a dense Zariski open subset Xo ⊂ Xreg with ω its
fundamental form. Let pi : M → X be a proper holomorphic map such that M is smooth
and pi : pi−1Xo → Xo is biholomorphic. Let (L, h) be a holomorphic line bundle with a
(possibly) singular hermitian metric h on M . Denote by I (h) the associated multiplier
ideal sheaf. Assume that for every point x ∈ X, there is a neighborhood x ∈ U , a Ka¨hler
metric gU on U ∩ Xo, a (possibly) singular hermitian metric h′ ∼ h on L|pi−1U and a
bounded C∞ strictly plurisubharmonic function Φ on U ∩Xo such that
gU ∼ ω|U∩Xo .
√−1∂∂¯Φ
on U and
√−1Θh′(L) ≥ Cω
on pi−1(U) as currents for some C ∈ R. Then the complex of sheaves
0→ pi∗(KM ⊗ L⊗I (h))→ Dn,0X,ds2(L, h)
∂¯→ Dn,1
X,ds2
(L, h)
∂¯→ · · · ∂¯→ Dn,n
X,ds2
(L, h)→ 0
is exact. Here Dn,•
X,ds2
(L, h) denotes the complex consisting of measurable L|Xo-valued
(n, •)-forms α such that α and its distributive ∂¯α are locally square integrable.
Theorem 1.4. Notations as in Theorem 1.3. Assume that
(1) X is compact and locally near each point x ∈ X there is a neighborhood U and a
hermitian metric ds20 on U such that ds
2
0 . ds
2|U ,
(2)
√−1Θh(L) is pi-relatively semipositive.
We have an isomorphism
Hn,q(M,L⊗I (h)) ≃ Hn,q(2),max(Xo, L|Xo) ∀q ≥ 0.
A (1, 1)-current α onM is called pi-relatively semipositive if for some positive (1, 1)-form
β on X , β+pi∗α is semipositive. A typical example of (L, h) with pi-relatively semipositive
is (pi∗F, pi∗h) where (F, h) is a holomorphic line bundle with a singular metric on X .
There are several natural metrics that satisfy the conditions in Theorem 1.3:
Hermitian metric One typical example of the metrics that satisfy the conditions in
Theorem 1.3 is the hermitian metric on X (metrics that are hermitian at singular points,
see Definition 4.1). Among many other metrics considered in Theorem 1.3, metrics that
are hermitian on the singularities share better properties. In this case we have
Corollary 1.5 (=Corollary 4.3). Let X be a complex analytic space of pure dimension n
and ds2 be a hermitian metric on X. Let pi :M → X be a resolution of singularities. Let
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(L, h) be a holomorphic line bundle with a possibly singular hermitian metric h on M .
Denote by I (h) the associated multiplier ideal sheaf. Then the complex of sheaves
0→ pi∗(KM ⊗ L⊗I (h))→ Dn,0X,ds2(L, h)
∂¯→ Dn,1
X,ds2
(L, h)
∂¯→ · · · ∂¯→ Dn,n
X,ds2
(L, h)→ 0
is exact. Moreover if X is compact and
√−1Θh(L) is pi-relatively semipositive, we have
an isomorphism
Hn,q(M,L⊗I (h)) ≃ Hn,q(2),max(Xreg, L|Xreg) ∀q ≥ 0.
When h is smooth, Corollary 1.5 is reduced to Theorem 1.2, thus implies MacPherson’s
conjecture.
Let (F, hF ) be a holomorphic line bundle on X with a singular hermitian metric, then
(L, h) := (pi∗F, pi∗hF ) has pi-relatively semipositive curvature current. By the Grothendieck
duality and the L2-Serre duality (2.3), we also obtain an isomorphism
H
q
(2),min(Xreg, F
∨|Xreg) ≃ ExtqM(I (pi∗h), pi∗F∨) ∀q ≥ 0.(1.2)
This implies the generalization of (1.1):
n∑
q=0
(−1)q dimH0,q(2),min(Xreg, F∨|Xreg) =
n∑
q=0
(−1)q dimExtqM(I (pi∗h), pi∗F∨).(1.3)
Pardon-Stern and Ruppenthal use Donnelly-Fefferman-type estimate in their arguments.
This estimate requires the condition that locally the metric should be quasi-isometric to√−1∂∂¯Φ where |∂Φ| is bounded. Our technique is to use Demailly-Ho¨rmander’s estimate
(Proposition 2.5) together with the requirement that Φ is bounded. This allows us to add
positivity on L without changing the quasi-isometric class of h. As is stated in Theorem
1.3, we do not require |∂Φ| to be bounded.
MacPherson’s conjecture and Pardon-Stern’s solution establish an analytic understand-
ing of the Grauert-Riemenschneidner sheaf for arbitrary complex analytic singularities.
Further, it is interesting to consider the pluri-canonical bundle which plays crucial rules
in birational geometry. As stated above, we do not require the twisted bundle L to be
locally semi-positive over X . This enables us to study some line bundles L that do not
come from the base X , K⊗mX for example.
Recall that pi :M → X is a good resolution if Exc(pi) := pi−1(Xsing) is a simple normal
crossing divisor.
Corollary 1.6. Let (X, ds2) be a compact hermitian complex analytic space of pure di-
mension n and pi : M → X be a good resolution of singularities. Let L be a line bundle
on M with a smooth hermitian metric. Then for each m ≥ 1 there are isomorphisms
H
q
(2),max
(
Xreg, K
⊗m
Xreg
⊗ L|Xreg
)
≃ Hq
(
X, pi∗(K
⊗m
M ⊗ OM(
∑
i∈I
(1−m)aiDi)⊗ L)
)
, ∀q ≥ 0.
Here Exc(pi) = ∪i∈IDi is the irreducible decomposition and ai ∈ Z≥0 only depends on pi
and the local quasi-isometric class of ds2.
Assume moreover that X admits only Gorestein singularities so that its dualizing sheaf
ωX satisfies
pi∗ωX ≃ KM ⊗OM(
∑
i∈I
biDi)
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for some bi ∈ Z≥0. Let F be a holomorphic line bundle admits a smooth hermitian metric.
Then for every q ≥ 0 there is an isomorphism
H
q
(2),max
(
Xreg, K
⊗m
Xreg
⊗ F |Xreg
)
≃ Hq
(
X,ω⊗mX ⊗ pi∗OM(
∑
i∈I
(1−m)(ai + bi)Di)⊗ F
)
.
This is a generalization of Theorem 1.2 to pluri-canonical bundles. Distinguished from
Theorem 1.2, we see that the L2-pluri-canonical cohomology contains interesting infor-
mation of the singularities of X .
Conical metric Another interesting metric that works for Theorem 1.3 is the conical
metric. Let (X,D) be a log smooth log canonical pair, i.e. X is a compact complex
manifold of dimension n and D =
∑r
i=1 biDi ⊂ X is an R-divisor with normal crossing
support such that 0 < bi < 1. ds
2
X is a metric on X = X\D which has conical singularities
along D, i.e. around each point p ∈ D there is a chart (z1, · · · , zn) such that D = b1{z1 =
0}+ · · ·+ br{zr = 0} and
ds2X ∼
r∑
i=1
|zi|−2bidzidzi +
n∑
i=r+1
dzidzi, b1, . . . , br ∈ (0, 1).(1.4)
Such metric has attracted many attentions in recent years. They appear as canonical
metrics on quasi-projective smooth algebraic varieties with simple boundary asymptotic
behavior [9] and are used to construct Ka¨hler Einstein metrics on K-stable Fano manifolds
[3–5,15]. This kind of metric has the bounded local potential Φ(z) =
∑r
i=1 |zi|2−2bi . Thus
Theorem 1.3 applies by taking pi = Id.
Corollary 1.7. Let (X,D =
∑r
i=1 biDi) be a log smooth log canonical pair and ds
2 be a
hermitian metric with conical singularities associated to D. Let (L, h) be a holomorphic
line bundle with a smooth hermitian metric on X. Then there are isomorphisms
Hn,q(X,L) ≃ Hn,q(2),max(X,L), ∀q ≥ 0.
2. Preliminary on L2-cohomology and Ho¨rmander’s Estimate
Let us start with the definition of singular hermitian metric.
Definition 2.1. A function ϕ : Ω→ [−∞,∞) on a complex manifold Ω is called plurisub-
harmonic (psh) if ϕ is upper semicontinuous and
√−1∂∂¯ϕ ≥ 0 as a current.
Definition 2.2. A singular hermitian metric h on a holomorphic line bundle L is a
measurable section of L⊗L∗ such that locally h = e−ϕh0 where h0 is a smooth hermitian
metric and ϕ is a psh function.
LetX be a hermitian manifold of pure complex dimension n and (E, h) be a holomorphic
vector bundle on X with a singular hermitian metric. Denote ∂¯ : E → E ⊗ ΩX the
canonical ∂¯ operator. Let Lk2(E) be the space of square integrable E-valued k-forms.
Denote ∂¯max to be the ∂¯ operator on the domains
D
p,q
X,max(E) := Dom
p,q(∂¯max) = {φ ∈ Lp,q2 (E)|∂¯φ ∈ Lp,q+12 (E)}
where ∂¯ is taken in the sense of distribution and 0 ≤ i ≤ dimRX .
MACPHERSON’S CONJECTURE 5
The L2 cohomology Hp,•(2),max(X,E; ds
2, h) is defined as the cohomology of the complex
D
p,•
X,max(E) : 0→ Dp,0X,max(E) ∂¯max→ Dp,1X,max(E) ∂¯max→ · · · ∂¯max→ Dp,nX,max(E)→ 0.(2.1)
Denote ∂¯min to be the graph closure operator of ∂¯ : A
p,∗
cpt(E) → Ap,∗+1cpt (E). The L2
cohomology Hp,•(2),min(X,E; ds
2, h) is defined as the cohomology of the complex
D
p,•
X,min(E) : 0→ Domp,0(∂¯min) ∂¯min→ Domp,1(∂¯min) ∂¯min→ · · · ∂¯min→ Domp,n(∂¯min)→ 0.(2.2)
These two L2-cohomologies are related by the L2-Serre duality
Proposition 2.3. [13, Proposition 1.3] When h is smooth, there is a natural isomorphism
H
p,q
(2),max(X,E; ds
2, h) ≃ Hn−q,n−p(2),min (X,E∗; ds2, h∗)∗
for every p, q whenever Hp,q(2),max(X,E; ds
2, h) is finite dimensional.
Let X be a complex analytic space and Xo ⊂ Xreg be a dense Zariski open subset of
the regular locus Xreg. Let ds
2 be a hermitian metric on Xo and (E, h) be a line bundle
with a singular metric on Xo. Let U ⊂ X be an open subset and define Lp,q
X,ds2
(E, h)(U)
to be the space of locally square integrable measurable E-valued (p, q)-forms on U ∩Xo.
For each (p, q) we define a sheaf Dp,q
X,ds2
(E, h) on X by
D
p,q
X,ds2
(E, h)(U) := {φ ∈ Lp,q
X,ds2
(E, h)(U)|∂¯maxφ ∈ Lp,q+1X,ds2(E, h)(U)}
for each open subset U ⊂ X .
Define the L2-Dolbeault complex of sheaves Dp,•
X,ds2
(E, h) as
D
p,0
X,ds2
(E, h)
∂¯max→ Dp,1
X,ds2
(E, h)
∂¯max→ · · · ∂¯max→ Dp,n
X,ds2
(E, h)→ 0.(2.3)
When X is compact and Dp,•
X,ds2
(E, h) is a complex of fine sheaves, we have
H
q(X,Dp,•
X,ds2
(E, h)) ≃ Hp,q(2) (X,E; ds2, h).(2.4)
Next we introduce Demailly’s formulation of Ho¨rmander’s estimate over an arbitrary
Ka¨hler metric. The readers may consult [7] for details.
Proposition 2.4. Let (Y, ω) be a complete Ka¨hler manifold of dimension n. Let (L, h)
be a line bundle with a smooth metric such that T = [
√−1Θh(L),Λω] > 0 on the space of
L−valued smooth (p, q)−forms Ap,qY ⊗ L. Then for every α ∈ Lp,q(2)(Y, L;ω, h), q ≥ 1 such
that ∂¯α = 0, there is β ∈ Ln,q−1(2) (Y, L;ω, h) such that ∂¯β = α and∫
Y
|β|2hvolω ≤
∫
Y
(T−1α, α)hvolω.
The key technique that we use to prove Theorem 1.3 is the following Ho¨rmander type
estimate, which is proved by Demailly by taking the limit of Proposition 2.4.
Proposition 2.5. Let Y be a complex manifold of dimension n which admits a complete
Ka¨hler metric. Let (L, h) be a line bundle with a singular metric such that
√−1Θh(L) ≥ ω
for some Ka¨hler form ω on Y . Then for every α ∈ Ln,q(2) (Y, L;ω, h), q ≥ 1 such that ∂¯α = 0,
there is β ∈ Ln,q−1(2) (Y, L;ω, h) such that ∂¯β = α and ‖β‖2 ≤ q‖α‖2.
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Definition 2.6. Let (Y, ds2) be a hermitian manifold and (L, h) be a holomorphic line
bundle with a singular hermitian metric h. The multiplier ideal sheaf I (h) ⊂ OY associ-
ated to h is the ideal sheaf consisting of holomorphic functions f such that fe−ϕ is locally
square integrable. Here ϕ is locally defined by h = h0e
−ϕ for some smooth hermitian
metric h0.
I (h) is independent of the choice of ϕ, hence it is a well defined ideal sheaf. Moreover,
it is a coherent ideal sheaf. By definition the holomorphic sections KY ⊗L⊗I (h) consists
of locally square integrable sections in KY ⊗ L.
3. L2-resolution of the twisted Grauert-Riemenschneider canonical
sheaf
In this section we prove Theorem 1.3.
Theorem 3.1. Let X be a complex analytic space of pure dimension n and ds2 be a
hermitian metric on a dense Zariski open subset Xo ⊂ Xreg with ω its fundamental form.
Let pi : M → X be a proper holomorphic map such that M is smooth and pi : pi−1Xo →
Xo is biholomorphic. Let (L, h) be a holomorphic line bundle with a (possibly) singular
hermitian metric h on M . Denote by I (h) the associated multiplier ideal sheaf. Assume
that for every point x ∈ X, there is a neighborhood x ∈ U , a Ka¨hler metric gU on
U ∩ Xo, a (possibly) singular hermitian metric h′ ∼ h on L|pi−1U and a bounded C∞
strictly plurisubharmonic function Φ on U ∩Xo such that
gU ∼ ω|U∩Xo .
√−1∂∂¯Φ
on U and √−1Θh′(L) ≥ Cω(3.1)
on pi−1(U) as currents for some C ∈ R. Then the complex of sheaves
0→ pi∗(KM ⊗ L⊗I (h))→ Dn,0X,ds2(L, h)
∂¯→ Dn,1
X,ds2
(L, h)
∂¯→ · · · ∂¯→ Dn,n
X,ds2
(L, h)→ 0
(3.2)
is exact. Here Dn,•
X,ds2
(L, h) denotes the complex consisting of measurable L|Xo-valued
(n, •)-forms α such that α and its distributive ∂¯α are locally square integrable.
Proof. By assumption, there is C ′ > 0 such that C ′
√−1∂∂¯Φ ≥ ω|U∩Xo. Let h′′ =
eC
′(C−1)Φh′. Since Φ is bounded, we have h′′ ∼ h′ ∼ h and√−1Θh′′(L) = (1− C)C ′
√−1∂∂¯Φ +√−1Θh′(L) ≥ ω.
By Lemma 3.2 we may assume that U ∩Xo admits a complete Ka¨hler metric. By Propo-
sition 2.5, we have
H
q
(2)(U ∩Xo, L|U∩Xo ; ds2, h) ≃ Hq(2)(U ∩Xo, L|U∩Xo ; gU , h′′) = 0, ∀q > 0.
This proves the exactness of (3.2) at Dn,q
X,ds2
(L, h), q > 0. It remains to show that
pi∗(KM ⊗ L⊗I (h)) = ker
(
∂¯ : Dn,0
X,ds2
(L, h)→ Dn,1
X,ds2
(L, h)
)
.(3.3)
Let V ⊂ X be an open subset. Since pi is a proper morphism, it suffices to show that a
holomorphic section s ∈ Γ(pi−1V,KM ⊗L) is locally square integrable with respect to the
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(possibly degenerate) metric pi∗ds2 and h, if and only if it lies in Γ(pi−1V,KM⊗L⊗I (h)).
Let V ′ ⊂ pi−1V be an open subset such that there is an orthogonal frame of cotangent
fields δ1, . . . , δn such that
pi∗ds2 = λ1δ1δ1 + · · ·+ λnδnδn.(3.4)
Denote by g a Ka¨hler form on M , then on V ′ we have
g ∼ δ1δ1 + · · ·+ δnδn.(3.5)
Denote γ = δ1 ∧ · · · ∧ δn ⊗ ξ. By (3.4) and (3.5) we obtain
‖γ|V ′‖2pi∗ds2,h =
∫
V ′
|δ1 ∧ · · · ∧ δn ⊗ ξ|2pi∗ds2,h
n∏
i=1
λiδi ∧ δn(3.6)
=
∫
V ′
|ξ|2h
n∏
i=1
δi ∧ δn
∼ ‖γ|V ′‖2g,h.
This shows that ‖γ|V ′‖2pi∗ds2,h < ∞ if and only if ‖γ|V ′‖2g,h < ∞, where the latter is
equivalent to γ ∈ Γ(V ′, KM ⊗ L ⊗ I (h)). This proves (3.3). Hence we obtain the first
part of Theorem 1.3. To prove the second part, it suffices to show that Dn,•
X,ds2
(L, h) is a
complex of fine sheaves. This is proved in Lemma 3.3. 
Lemma 3.2. Let x ∈ X be a point in a complex analytic space and Xo ⊂ Xreg be a dense
Zariski open subset. There is a neighborhood x ∈ U and a complete Ka¨hler metric on
U ∩Xo.
Proof. The construction follows that in [13]. Take an open neighborhood U which is em-
bedded holomorphically into CN , such that x = 0 ∈ CN and U = Bc :=
{
z ∈ CN ∣∣|z| < c}.
Assume that Xo ∩ Bc is defined by holomorphic functions f1, . . . , fm ∈ O(Bc) and 0 < c
is small enough so that
m∑
i=1
|fi|2 ≪ 1.
We set
G = − log(c2 − |z|2)− log
(
− log
m∑
i=1
|fi|2
)
.
Then
√−1∂∂¯G is a complete Ka¨hler metric on U ∩Xo (c.f. [13] Lemma 2.4). 
The following lemma gives a sufficient condition which guarantee that Dp,q
X,ds2
(L, h) is a
fine sheaf.
Lemma 3.3. Let X be an analytic space and ds2 be a hermitian metric on Xreg. Suppose
that ds20 . ds
2 where ds20 is a hermitian metric on X (Definition 4.1). Then for each p,
q, Dp,q
X,ds2
(L, h) is a fine sheaf.
Proof. If suffices to show that for every W ⊂ W ⊂ U ⊂ X where W and U are open
subsets, there is a continuous function f on U such that
• supp(f) ⊂W ,
• f is C∞ on Ureg
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• ∂¯f has bounded fiberwise norm with respect to the metric ds20.
Choose a closed embedding U ⊂ M where M is a smooth complex manifold M . Let
V ⊂ V ⊂ M where V is an open subset such that V ∩ U = W . Let ds2M be a hermitian
metric onM so that ds20|Ureg ∼ ds2M |Ureg . Let g be a smooth function onM whose support
lies in V . Denote f = g|U then apparently supp(f) ⊂W and f is C∞ on Ureg. It suffices
to show the boundedness of the fiberwise norm of ∂¯f . Since Ureg ⊂ M is a submanifold,
one has the orthogonal decomposition
TM,x = TUreg,x ⊕ T⊥Ureg,x, ∀x ∈ Ureg.(3.7)
Therefore |∂¯f |ds2 . |∂¯f |ds20 ≤ |g|ds2M <∞. The lemma is proved. 
We are ready to prove Theorem 1.4
Theorem 3.4. Notations as in Theorem 1.3. Assume that
(1) X is compact and locally near each point x ∈ X there is a neighborhood U and a
hermitian metric ds20 on U such that ds
2
0 . ds
2|U ,
(2)
√−1Θh(L) is pi-relatively semipositive.
We have an isomorphism
Hn,q(M,L⊗I (h)) ≃ Hn,q(2),max(Xo, L|Xo) ∀q ≥ 0.
Proof. By condition (1) and lemma 3.3, Dn,•
X,ds2
(L, h) is a complex of fine sheaves. There-
fore Theorem 3.1 gives isomorphisms
Hq (X, pi∗ (KM ⊗ L⊗I (h))) ≃ Hn,q(2),max(Xo, L|Xo) ∀q ≥ 0.(3.8)
We are going to show that
Rqpi∗ (KM ⊗ L⊗I (h)) = 0, q > 0.(3.9)
Since the problem is local, we may assume that X admits a bounded smooth strictly
psh function Φ. Indeed we can embedded X into a complex manifold V and restrict a
bounded smooth strictly psh function on X . After a possibly shrinking there is a constant
C > 0 such that
√−1C∂∂¯Φ′ +√−1Θh(L) ≥ 0.(3.10)
Let h′ = e−CΦ
′
h be a singular metric on L. Since Φ′ = pi∗Φ is bounded, we obtain h′ ∼ h
and hence I (h′) = I (h). By (3.10) we have
√−1Θh′(L) ≥ 0. Now (3.9) follows from
[12, Corollary 1.5]. As a consequence of (3.9) the Leray spectral sequence
Hp (X,Rqpi∗ (KM ⊗ L⊗I (h)))⇒ Hp+q (M,KM ⊗ L⊗I (h))
degenerates at the E1-page and we obtain a natural isomorphism
Hq (X, pi∗ (KM ⊗ L⊗I (h))) ≃ Hq(M,KM ⊗ L⊗I (h)), q ≥ 0.(3.11)
Combining this with (3.8) we prove the theorem. 
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4. Applications
4.1. Hermitian Metrics.
Definition 4.1. Let X be a complex analytic space and ds2 be a hermitian metric on
Xreg. We say ds
2 is a hermitian metric on X if for every x ∈ X there is a neighborhood
U and a holomorphic closed immersion U ⊂ V into a holomorphic manifold such that
ds2|U ∼ ds2V |U for some hermitian metric ds2V on V .
Let X be a complex analytic space. Recall that a holomorphic map pi : M → X is a
resolution of singularities if the followings are valid.
• M is smooth,
• pi is proper,
• pi : pi−1Xreg → Xreg is biholomorphic,
A resolution of singularities pi :M → X is called good if Exc(pi) := pi−1(Xsing) is a simple
normal crossing divisor.
The following simple lemma is the property that hermitian metrics are distinguished
from many others.
Lemma 4.2. Let X be a complex analytic space and ds2 be a hermitian metric on X.
Assume that ds2|Xreg is Ka¨hler and denote ω to be its Ka¨hler form. Let pi : M → X be
a resolution of singularities and α be a smooth (1, 1)-form on M . Then locally there is a
constant C > 0 such that Cpi∗ω + α is positive over pi∗Xreg.
Proof. Let λ1, . . . , λn be the (local) eigenvalue functions of α. Since α is smooth, λ1, . . . , λn
are bounded. Because ω is positive (even at Xsing), there is a constant C > 0 such that
Cω + pi∗α is positive on Xreg. Notice that pi∗α is well defined on Xreg which is bounded
near Xsing. 
Corollary 4.3. Let X be a complex analytic space of pure dimension n and ds2 be a
hermitian metric on X. Let pi : M → X be a resolution of singularities. Let (L, h) be
a holomorphic line bundle with a possibly singular hermitian metric h on M . Denote by
I (h) the associated multiplier ideal sheaf. Then the complex of sheaves
0→ pi∗(KM ⊗ L⊗I (h))→ Dn,0X,ds2(L, h)
∂¯→ Dn,1
X,ds2
(L, h)
∂¯→ · · · ∂¯→ Dn,n
X,ds2
(L, h)→ 0
is exact. Moreover if X is compact and
√−1Θh(L) is pi-relatively semipositive, we have
an isomorphism
Hn,q(M,L⊗I (h)) ≃ Hn,q(2),max(Xreg, L|Xreg) ∀q ≥ 0.
Proof. Recall that in Definition 4.1 we may assume that ds2V is Ka¨hler since hermitian
metrics are locally quasi-isomorphic to a Ka¨hler one. Since every Ka¨hler metric on a
manifold admits bounded potential functions, we see that ds2 satisfies all the conditions
in Theorem 1.3 if it is hermitian on X .
Let Φ be the bounded local potential function of ds2, i.e. the fundamental form of ds2
is locally quasi-isometric to
√−1∂∂¯Φ. Since h is a singular metric, for every point x ∈ X
there is an open neighborhood U ⊂ X and a smooth (1, 1)-form α on pi−1U such that
√−1Θh(L) ≥ α
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on pi−1U . By Lemma 4.2, there is a constant C such that
Cpi∗
√−1∂∂¯Φ+ α > 0.(4.1)
Let h′ = e−(1+C)Φh, then h′ ∼ h and√−1Θh′(L) = (C + 1)pi∗
√−1∂∂¯Φ+√−1Θh(L) > pi∗
√−1∂∂¯Φ.(4.2)
Then the results follow from Theorem 1.3 and Theorem 1.4. 
We will use this result to study the MacPherson-type problem on pluri-canonical bun-
dles.
4.2. Pluri-canonical Bundle. Notice that K⊗mXreg is endowed with the metric induced
from ds2.
Corollary 4.4. Let (X, ds2) be a hermitian complex analytic space of pure dimension n
and pi : M → X be a good resolution of singularities. Let (L, hL) be a line bundle with a
smooth hermitian metric. Let KM be endowed with the singular metric induced from ds
2,
then for each m ≥ 1 there are isomorphisms
H
q
(2),max
(
Xreg, K
⊗m
Xreg
⊗ L|Xreg
)
≃ Hq
(
X, pi∗(K
⊗m
M ⊗ OM(
∑
i∈I
(1−m)aiDi)⊗ L)
)
, ∀q ≥ 0.
Here Exc(pi) = ∪i∈IDi is the irreducible decomposition and ai ∈ Z≥0 only depends on pi
and the local quasi-isometric class of ds2.
Assume moreover that X admits only Gorestein singularities so that its dualizing sheaf
ωX satisfies
pi∗ωX ≃ KM ⊗OM(
∑
i∈I
biDi)
for some bi ∈ Z≥0. Let F be a holomorphic line bundle admits a smooth hermitian metric.
Then for every q ≥ 0 there is an isomorphism
H
q
(2),max
(
Xreg, K
⊗m
Xreg
⊗ F |Xreg
)
≃ Hq
(
X,ω⊗mX ⊗ pi∗OM(
∑
i∈I
(1−m)(ai + bi)Di)⊗ F
)
.
Proof. Let ω be the fundamental form associated to ds2. Denote by h the hermitian
metric on the canonical bundle KXreg induced from ds
2. Notice that h may be regarded
as a hermitian metric on KM which has singularities along Exc(pi). Since√−1Θh(KXreg) = −Ric(pi∗ds2)
and pi∗ds2 is a smooth degenerate metric on M , we see that Θh(KM) is smooth on M .
Therefore√−1Θh⊗(m−1)⊗hL(K⊗(m−1)M ⊗ L) = (m− 1)
√−1Θh(KM) +
√−1ΘhL(L)
is a smooth form. As a consequence of Corollary 1.5 there is a quasi-isomorphism
pi∗
(
KmM ⊗ L⊗I (h⊗(m−1))
) ≃q.i.s. Dn,•X,ds2 (K⊗(m−1)M ⊗ L, h⊗(m−1) ⊗ hL) .(4.3)
It remains to calculate I (h⊗(m−1)).
Let x ∈ X and U be an open neighborhood with a closed immersion U ⊂ Ω into a
complex manifold Ω. Without loss of generality we may assume that ds2 is Ka¨hler around
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x. Denote pi = (pi1, . . . , piN) : pi
−1U → Ω ⊂ C. Let (y1, . . . , yn) be a local holomorphic
chart of y ∈ pi−1{x} ⊂ M . Then there are holomorphic functions λij , 1 ≤ i ≤ N ,
1 ≤ j ≤ n such that
dpii =
n∑
j=1
λijdyj, ∀i = 1, . . . , N.(4.4)
Denote by ωpi∗ds2 and ωM the Ka¨hler forms associated to the (degenerate) Ka¨hler metric
pi∗ds2 and a Ka¨hler metric ds2M near y respectively. Then
volpi∗ds2 =
1
n!
ωnpi∗ds2(4.5)
=
1
n!
Λdy1 ∧ · · ·dyn ∧ Λdy1 ∧ · · · dyn
∼ |Λ|2volM ,
where
Λ =
∑
(i1,...,in)∈Nn
λi11 · · ·λinn, N = {1, . . . , N}(4.6)
is a holomorphic function.
Since the map pi : V := pi−1U → Ω is biholomorphic away from Exc(pi) ∩ pi−1U , by
(4.5) Λ is invertible over pi−1U\Exc(pi). Hence Λ defines a divisor∑i∈I aiDi supported in
Exc(pi) ∩ pi−1U . Therefore for every small neighborhood V of y and σ ∈ Γ(V,KmM ⊗ L),
we have ∫
|σ|2pi∗ds2volpi∗ds2 ∼
∫
|Λ1−mσ|2ds2
M
volds2
M
.(4.7)
As a consequence, σ is locally square integrable with respect to pi∗ds2 and hL if and only
if Λ1−mσ is locally square integrable with respect to ds2M and hL. This finishes the proof
of the first part. The second part follows from Theorem 1.4. 
4.3. Generalized Conical Metric.
Corollary 4.5. Let (X,D =
∑r
i=1 biDi) be a log smooth log canonical pair and ds
2 be a
hermitian metric with conical singularities associated to D. Let (L, h) be a holomorphic
line bundle with a smooth hermitian metric. Then there are isomorphisms
Hn,q(X,L) ≃ Hn,q(2),max(X,L), ∀q ≥ 0.
Proof. By (1.4) the local potential function Φ(z) =
∑r
i=1 |zi|2−2bi is bounded. Since L
is defined on M , locally there is always a hermitian metric with semi-positive curvature.
Moreover
n∑
i=1
dzidzi .
r∑
i=1
|zi|−2bidzidzi +
n∑
i=r+1
dzidzi, b1, . . . , br ∈ (0, 1).
Hence by Theorem 1.3 we obtain the corollary. 
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